is studied. The three-body Schrödinger equation is solved using the Lagrange-mesh method in perimetric coordinates. Energies and wave functions for four vibrational states v = 0 − 3 and bound or quasibound states for total orbital momenta from 0 to 56 are calculated. The 1986 fundamental constant m d = 3670.483014 m e is used. The obtained energies have an accuracy from about 13 digits for the lowest vibrational state to at least 9 digits for the third vibrational excited state. Quadrupole transition probabilities per time unit between those states over the whole rotational bands were calculated. Extensive results are presented with six significant figures.
Introduction
Despite of the simplicity of the molecular ion H + 2 and its isotopomers D + 2 and T + 2 , the three body Schrödinger equation can not be solved exactly. However, high precision results, for energies and wave functions, have been obtained using different approaches. For the particular case of the deuterium molecular ion, the ground state as well as some vibrational states are well known.
In this sense, non-adiabatic dissociation energies were calculated for several vibrational-rotational levels for the ground electronic state [1] and also in the first excited electronic state. In particular, the value of the ground state energy has been improved in several papers [2, 3, 4, 5] . Energies for the zero vibrational band for different values of the total angular momentum L have been also considered [6, 7] . Complete bound vibrational states below the dissociation limit v ≤ 27 were presented in [8] for the two lowest rotational quantum numbers L = 0, 1. Extension to this work until L = 2 is presented in [9] but with a different value of the deuteron mass. Some expectation values have been also provided like the mean radii [7, 5] or quadrupole moments [7] .
However, nowadays quadrupole transitions has not been considered for this system. In this paper, the E2 transitions are obtained from the three-body wave functions calculated with the Lagrange-mesh method in perimetric coordinates [10, 11, 7] , with which the calculation is particularly simple and very precise. The Lagrange-mesh method is an approximate variational calculation using a basis of Lagrange functions and the associated Gauss quadrature. It has the high accuracy of a variational approximation and the simplicity of a calculation on a mesh.
In section 2, some expressions are presented but detailed explanations are given in [12] . In section 3, energies are given for the lowest four vibrational states over the full rotational bands and E2 transition probabilities are tabulated. Conclusions are presented in section 4. Throughout atomic units are used.
Lagrange-mesh calculation of transition probabilities
Quadrupole oscillator strength for an electric transition between an initial state i and a final state f is given by [13, 14] 
where α is the fine-structure constant and
is the reduced matrix element, defined according to [15] . Here, J i,f is a total angular momentum, M i,f is its projection and γ i,f represents the other quantum numbers. The transition probability per time unit for E f < E i is given (the atomic unit of time is
After the elimination of the center-of-mass motion, the system can be described using the Euler angles (ψ, φ, φ), defining the orientation of the triangle formed by the three particles and three internal coordinates describing the shape of the triangle. The internal degrees of freedom are described using the perimetric coordinates (x, y, z) defined as
where r e1 and r e2 are the distances between the electron and deuterons 1 and 2, respectively. The domains of variation of these six variables are [0, 2π] for ψ and φ, [0, π] for θ and [0, ∞[ for x, y and z. In perimetric coordinates, the transition irreducible tensor operator Q (2) µ is given by
where
and the expression of R, ρ and ζ in terms of perimetric coordinates are given for example in [11, 12] . In order to evaluate (2) it is necessary to solve three-body Hamiltonian that involves Coulomb forces between the particles but no spin-dependent forces. The total orbital momentum L and parity π are constants of motion. The wave functions with orbital momentum L and parity π are expanded as [7] 
In practice, the sum can be truncated at some value K max . The normalized angular functions 
where N, N z are the number of points in the x and z. Scale factors h and h z are introduced in order to fit the meshes to the size of the physical problem (the same number N of mesh points and the same scale factor h are used for the two perimetric coordinates x and y). Because of the symmetrization the sum over j is limited by the value i − δ K , where δ K is equal to 0 when (−1) K = σπ and to 1 when (−1) K = −σπ. The three-body Hamiltonian in perimetric coordinates for each good quantum number L and its discretization on a Lagrange mesh are given in [11] . For given L π , the eigenvalues in increasing order are labeled by a quantum number v ≥ 0 related to the vibrational excitation in the Born-Oppenheimer picture. The corresponding eigenvectors provide the coefficients appearing in expansion (9) . Because the K-value appears in the eigenfunction (7), the matrix element (2) contains terms where
These terms are labeled as κ = 0, 1, 2, respectively (see [12] ).
Energies and quadrupole transition probabilities
Using the Lagrange-mesh method, energies of the v = 0 lowest vibrational bound states for some values of the total angular momentum from L = 0 to 51 have been calculated in [7] . At the present study, those calculations are extended for all bound and quasibound states up to L = 56 and four vibrational states v = 0 − 3. In order to calculate transition matrix elements involving two different wave functions, a single three-dimensional mesh is used for all the vibro-rotational states in consideration: N = N x = N y = 45 and N z = 20. A single set of scaling factors are also employed: h = h x = h y = 0.08, h z = 0.4. For a given K value, the total number of basis states is 20700 or 19800 depending on the parity of K. For K > 2, calculations are performed with K max = 2. They correspond to a size of 61200. Here, the 1986 fundamental constant m d = 3670.483014 m e is adopted and the dissociation energy is E d = −0.499 863 815 249. Table 1 presents the energies obtained for the three lowest vibrational states v = 0 − 3 as a function of the rotational quantum number. The accuracy is estimated from the stability of the digits with respect to calculations with N ± 2 mesh points. The error is expected to be at most of a few units on the last displayed digit. Comparisons when are available are displayed below at the same line for each L-value. The ground state (L π , v) = (0 + , 0) is well known and its value has been improved in several papers [3, 8, 2] . In particular Hijikata et.al. [5] reach an accuracy of 27 digits. In this sense we have an accuracy about 10 −13 . Energies of the v = 0 vibrational band for L = 2 − 12 were presented by Zong et.al. [6] . Moss [1] presents not only non-adiabatic dissociation-energies but also relativistic and radiative corrections for bound vibrational states up to L = 5. Seven rovibrational states of the first electronic state are also presented there. More precise results for all the vibrational levels below the dissociation limit v ≤ 27 are given by Hilico et.al. [8] for the two lowest rotational quantum numbers L = 0, 1 . Beyond that, Karr et.al. [9] extended this results until L = 2 but with a different value of the deuteron mass m d = 3670.4829652. In order to make some comparison with those results, Lagrange-mesh calculations considering this value of the deuteron mass are given in Table 2 . Although less digits were obtained when comparing with [9] we can consider that the agreement is in all the digits presented.
The accuracies for the first, second and third rotational bands are 10 −11 , 10 −10 and 10 −9 , respectively. The major comparison is possible with the results given by Moss [1] . The obtained spectrum is presented in Fig. 1 .
Two cases of convergence tests are displayed in Table 3 . For the values h = 0.14 and h z = 0.4, initial and final states are shown as well as the transition probability per second for different values of N and N z . The transition probability W 0 is obtained by restricting the matrix element (2) to the case where κ = 0 while W 1 corresponds to κ ≤ 1. The κ = 1 contributions have an importance smaller than 0.05 % and that the κ = 2 contributions are smaller than 0.005 %. A good convergence with respect to N z is already obtained for N z = 20. The convergence with respect to N is slower. Since the convergence is exponential, one can estimate that the relative accuracy on W is about 10 −9 for (4 + , 0) → (2 + , 0) and still better than 10 −8 for (43 − , 2) → (35 − , 0). Similar tests have been performed for other transitions. The convergence of the transition probabilities with respect to K max can be studied by comparison with results from wave functions truncated at K max = 0 and K max = 1. The relative error when K max = 0 is smaller than 0.3 for all considered transitions while the error for K max = 1 is smaller than 10 −5 . This is rather similar to truncations with respect to κ. By extrapolation, we estimate that the relative error on the present transition probabilities obtained with K max = 2 should be smaller than 10 −7 . The number of digits presented in Tables 4 and 5 are the same if we consider the deuteron mass as m d = 3670.482962. Table 4 presents the transitions probabilities per second for transitions within a same rotational band, L f = L i − 2 and v f = v i ≤ 3. They include some transition probabilities involving quasibound states. Six significant digits are given. These probabilities increase slowly with L with a maximum around L i = 45, 43, 41 and 40 for v i = 0, 1, 2 and 3, respectively, which is due to a maximum of the energy differences around L i = 35. 
. Results are given with five digits followed by the power of 10. 
Other transitions probabilities per second are given in Table 5 . The columns correspond to transitions between different vibrational states. For each L i value, the successive lines correspond to increasing values of 
because the sign of the energy difference changes (see the arrows in Fig. 1 for the 1 → 0 transitions). These numbers are indicated in italics in Table 5 . For example, the first number in the last line for L i = 33 corresponds to the (35, 0) → (33, 1) transition. 
Italicized numbers for (1 → 0), (2 → 1) and (3 → 2) mean that the initial and final states are exchanged (the first one is preceded in each case by a horizontal bar). Table 5 -Continuation Table 5 -Continuation Table 5 -Continuation 
Figs. 2, 3 and 4 summarize the oscillator strengths for most of the considered transitions. For ∆L = L f − L i = 2 (Fig. 2) the oscillator strength has a strong variation along the band varying also with ∆v = v i − v f . The strong minima for ∆v = 1 around L i = 33 are due to the change of sign of the energy difference (see Fig. 1 ). Beyond that value, the initial state is lower than the final v f < v i state and the strengths are negative. Otherwise the strengths slowly increase with the vibrational excitation. The ∆v = 2 strengths are smaller by more than an order of magnitude. The minimum occurring around L i = 11 is here due to a change of sign of the matrix element appearing in (2) . The ∆v = 3 strengths are smaller by more than an order of magnitude than the ∆v = 2 strengths.
The ∆L = 0 oscillator strengths presented in Fig. 3 do not vary much along the bands. They slowly decrease for ∆v = 1 and slowly increase for ∆v = 3. They are remarkably flat for ∆v = 2.
The ∆L = −2 strengths presented in Fig. 4 behave similarly to the ∆L = 2 strengths. Minima take place around L i = 29, 37 and 43 for ∆v = 1, 2 and 3, respectively. These minima thus occur now at increasing L i values with increasing ∆v and are all due to a change of sign of the matrix element.
The lifetimes can be calculated as
Using the transitions probabilities of Table 5 
Conclusion
Applying the Langrange-mesh method, the three-body Schrödinger equation for the deuterium molecular ion was solved with high precision in perimetric coordinates. Four vibrational states v = 0 − 3 and L form 0 to 56 were considered. With the same number of mesh points in the x and y coordinates N = 40 and N z = 20 for all the sates considered, energies values are presented with 13 significant digits for the zero vibrational band until 9 significant digits for the third vibrational band.
With the wave functions provided by the Lagrange-mesh method, a simple calculation gives the quadrupole strengths and transition probabilities per time unit. Extensive tables and some figures are presented with six significant digits.
For high values of the total angular momentum L and ∆v = 1, the initial and final states are interchange: L = 33, 33 and 32 for v i = 0 → v f = 1, v i = 1 → v f = 2 and v i = 2 → v f = 3, respectively. In comparison with the hydrogen molecular ion [12] this values are L = 23, 23 and 22 for the same change in the vibrational bands. Also in a consistent way, quadrupole transitions for the deuteron molecular ion are less favorable that those for the hydrogen molecular ion, except for some values of the total angular momentum. As a consequence, lifetimes for D + 2 are greater than those for H + 2 . The difference is around one order of magnitude except for the states in the ground-state rotational band, roughly 10 7 and 10 6 , respectively.
